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a b s t r a c t
Let integers k andm be fixed and let rk(G) be the Ramsey number of
the graph G in k colors. Using an algebraic construction it is shown
that rk(Km,n) ≥ km(n− n0.525) for large n.
© 2010 Elsevier Ltd. All rights reserved.
Let G be a graph. The Ramsey number rk(G) is the minimum integer N such that any edge-coloring
of KN by k colors contains a monochromatic G. Let positive integers k andm be fixed. For any  > 0, it
was shown in [9] that
(1− )kmn ≤ rk(Km,n) ≤ km(n− 1)+m(km− k+ 1)+ 1 (1)
if n is large. This lower bound was proven by a probabilistic method. In most cases, it is hard to obtain
a result constructively to match that obtained by a probabilistic method (see Alon and Spencer [2]).
However, the harder problem of determining the asymptotical formula of rk(K3,3) ∼ k3 as k → ∞
was solved by Alon, Rónyai and Szabó [1] with an elegant algebraic construction. Wewill improve the
lower bound in (1) by using an algebraic construction, too.
Theorem 1. Let positive integers k and m be fixed. Then
rk(Km,n) ≥ km(n− n0.525)
for large n.
Proof. As the assertion is trivial for k = 1, we assume that k ≥ 2. Let p ≡ 1 (mod 2k) be a prime and
Fp the finite field of p elements. If µ is a primitive element of Fp, then
F∗p = Fp \ {0} = {1, µ, . . . , µp−2}.
Define a logarithmic-like function logµ(x) : F∗p → Zp−1 = {0, 1, . . . , p− 2} as
logµ(x) = ` if x = µ`, 0 ≤ ` ≤ p− 2.
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For every j with 0 ≤ j ≤ k− 1, define a graph Hj on vertex set Fp, in which x and y are adjacent in Hj
if and only if
logµ(x− y) ≡ j (mod k).
As p ≡ 1 (mod 2k), logµ(x− y) ≡ logµ(y− x)(mod k), so the definition is compatible. For k = 2, the
graph H0 is called the Paley graph. 
Lemma 1. Let k ≥ 2 be an integer and p ≡ 1 (mod 2k) be a prime. Let Hj, 0 ≤ j ≤ k− 1, be the graph
defined with respect to a primitive element of µ of Fp. Then these Hj are pairwise isomorphic.
We shall verify that eachHj is isomorphic toH0. Define a bijection φ on F(p) as φ(z) = µjz. Then {x, y}
is an edge of H0 if and only if x− y = µ` for some ` ≡ 0 (mod k). As φ(x)− φ(y) = µj+`, thus {x, y}
is an edge of H0 if and only if {φ(x), φ(y)} is an edge of Hj. Thus Hj is isomorphic to H0. For any vertex
x, its neighborhood in H0 is
{x+ µk, x+ µ2k, . . . , x+ µp−1},
and so the degree of x in H0 is ((p− 1)/k). This proves the lemma.
Let ζk = e2pi i/k. It is easy to see that the following identity holds:
(x− ζk)(x− ζ 2k ) · · · (x− ζ k−1k ) = 1+ x+ x2 + · · · + xk−1. (2)
Define a function χ on F∗p as
χ(x) = ζ `k , where ` ≡ logµ x (mod k).
Extend χ to all of Fp by χ(0) = 0. Then χ is a multiplicative character of Fp of order k. Let us denote
by Fp[x] the set of polynomials over Fp. From the famousWeil’s theorem, we know that if g(x) ∈ Fp[x],
not of the form chk(x)with c ∈ Fp and h(x) ∈ Fp[x], and g(x) has precisely s distinct zeros, then∣∣∣∣∣∣
∑
x∈Fp
χ(g(x))
∣∣∣∣∣∣ ≤ (s− 1)√p. (3)
There are some interesting applications of this theorem in graph theory (see, e.g., [7,4,10]).
Let U ⊆ Fp be a subset of vertices of the graph H0 with |U| = m. Write J(U) for ∩u∈U N(u). If
|J(U)| < n for any such U , then r(Km,n) > p from Lemma 1. For a fixed U , define a function f (x) on
x ∈ Fp as
f (x) =
∏
u∈U
k−1∏
j=1
(χ(x− u)− ζ jk) =
∏
u∈U
k−1∑
j=0
χ j(x− u),
where we use the identity (2). For x 6∈ U , if x 6∈ J(U), then f (x) = 0 as χ(x− u) = ζ jk for some j with
1 ≤ j ≤ k − 1. If x ∈ J(U), then f (x) = km as logµ(x − u) ≡ 0 (mod k) and hence χ(x − u) = 1.
Therefore, we have∑
x6∈U
f (x) = km|J(U)|.
Set U = {u1, u2, . . . , um}. Note that χ is multiplicative; thus
f (x) =
m∏
t=1
(
1+ χ(x− ut)+ · · · + χ k−1(x− ut)
)
=
∑
0≤j1,...,jm≤k−1
χ
(
(x− u1)j1 · · · (x− um)jm
)
= 1+
∑
0≤j1,...,jm≤k−1
j1+···+jm≥1
χ
(
(x− u1)j1 · · · (x− um)jm
)
.
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Applying Weil’s theorem for the polynomial (x− u1)j1 · · · (x− um)jm with j1 + · · · + jm ≥ 1, which is
not of the form chk(x)with c ∈ Fp and h(x) ∈ Fp[x] as j1, . . . , jm < k, from (3), we have∣∣∣∣∣∣
∑
x∈Fp
χ
(
(x− u1)j1 · · · (x− um)jm
)∣∣∣∣∣∣ ≤ (m− 1)√p.
Hence we obtain that∣∣∣∣∣∣p−
∑
x∈Fp
f (x)
∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
∑
x∈Fp
∑
0≤j1,...,im≤k−1
j1+···+jm≥1
χ
(
(x− u1)j1 · · · (x− um)jm
)∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
∑
0≤j1,...,jm≤k−1
j1+···+jm≥1
∑
x∈Fp
χ
(
(x− u1)j1 · · · (x− um)jm
)∣∣∣∣∣∣∣
≤
∑
0≤j1,...,jm≤k−1
j1+···+jm≥1
(m− 1)√p.
It iswell-known that thenumber of solutions that are nonnegative integers (j1, . . . , jm)of the equation
j1 + j2 + · · · + jm = s
is
(
s+m−1
s
)
for a fixed integer s. Omitting the constraint that j1, . . . , jm ≤ k− 1, we obtain that∣∣∣∣∣∣p−
∑
x∈Fp
f (x)
∣∣∣∣∣∣ ≤
m(k−1)∑
s=1
(
s+m− 1
s
)
(m− 1)√p = A√p,
where A = A(k,m) is independent of p. Note that |f (x)| ≤ km; thus |∑x∈U f (x)| ≤ mkm and
∣∣p− km|J(U)|∣∣ = ∣∣∣∣∣p−∑
x6∈U
f (x)
∣∣∣∣∣ ≤
∣∣∣∣∣∣p−
∑
x∈Fp
f (x)
∣∣∣∣∣∣+
∣∣∣∣∣∑
x∈U
f (x)
∣∣∣∣∣
≤ A√p+mkm ≤ (A+ 1)√p
for large p, which implies that
km|J(U)| ≤ p+ (A+ 1)√p.
It is known that there are asymptotically N/(φ(2k) logN) primes p in the form p ≡ 1 (mod 2k)
between 1 and N , where φ(2k) is the number of integers from 1 to 2k that are relatively prime with
2k. Let p ≡ 1 (mod 2k) be a prime between km(n− n0.525) and km(n− n0.525/2). The existence of such
a prime for large n is ensured by results for estimating the difference between consecutive primes;
see Baker, Harman and Pintz [3]. The constant 0.525 is in the process of improvement to 0.5 + o(1),
implied by the famous Riemann hypothesis. By choosing such a p, we have
|J(U)| ≤ n− n
0.525
2
+ (A+ 1)√kmn < n,
for large n. Thus H0 contains no Km,n, implying
r(Km,n) > p ≥ km(n− n0.525)
as each Hi is isomorphic to H0. 
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Wedonot expect that the lower bound can be improved to kmn. It was shown that r2(K1,n) = 2n−1
if n is odd and 2n otherwise in [5], and r2(K2,n) = 4n − 2 if 4n − 3 is a prime power in [6,8]. To our
knowledge, for k,m ≥ 2, no other formula for rk(Km,n) is known. However. it seems natural to ask
whether or not rk(Km,n) ≥ kmn− c holds for a constant c = c(k,m).
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